arXiv:1507.08191v5 [math.DS] 22 Dec 2016 


SPECTRAL GAP AND QUANTITATIVE STATISTICAL 
STABILITY FOR SYSTEMS WITH CONTRACTING FIBERS 
AND LORENZ-LIKE MAPS. 

STEFANO GALATOLO AND RAFAEL LUCENA 


Abstract. We consider transformations preserving a contracting foliation, 
such that the associated quotient map satisfies a Lasota Yorke inequality. We 
prove that the associated transfer operator, acting on suitable normed spaces, 
has a spectral gap (on which we have quantitative estimation). 

As an application we consider Lorenz-Like two dimensional maps (piecewise 
hyperbolic with unbounded contraction and expansion rate): we prove that 
those systems have a spectral gap and we show a quantitative estimation for 
their statistical stability. Under deterministic perturbations of the system of 
size (5, the physical measure varies continuously, with a modulus of continuity 
0(5 log 5). 


1. Introduction 

The study of the behavior of the transfer operator restricted to a suitable func¬ 
tional space has proven to be a powerful tool for the understanding of the statistical 
properties of a dynamical system. This approach gave first results in the study of 
the dynamics of piecewise expanding maps where the involved spaces are made of 
regular, absolutely continuous measures (see 0, [12], [H] for some introductory 
text). In recent years the approach was extended to piecewise hyperbolic systems 
by the use of suitable anisotropic norms (the expanding and contracting directions 
are managed differently), leading to suitable distribution spaces on which the trans¬ 
fer operator has good spectral properties (see e.g. [2], m, uni, (ni). From these 
properties, several limit theorems or stability statements can be deduced. This 
approach has proven to be successful in non-trivial classes of systems like geodesic 
flows (see mM) or billiard maps (ess e.g. [12] [E] where a relatively simple and 
unified approach to many limit and perturbative results is given for the Lorentz 
gas). We remark that in these approaches, usually some condition of bounded¬ 
ness of the derivatives or transversality between the map’s singular set and the 
contracting directions is supposed. 

In this work, we consider skew product maps preserving a uniformly contracting 
foliation. We show how it is possible, in a simple way, to define suitable spaces 
of signed measures (with an anisotropic norm) such that, under small regularity 
assumptions, the transfer operator associated to the dynamics has a spectral gap 
(in the sense given in Theorem 16.II) . This shows an exponential convergence to 0 
in a certain norm for the iteration of a large class of zero average measures by the 
transfer operator. We remark that in this approach the speed of this convergence 
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can be quantitatively estimated, and depends on the rate of contraction of the stable 
foliation, the coefficients of the Lasota-Yorke inequality and the rate of convergence 
to equilibrium of the induced quotient map (see Remark 16.31) . We also remark that 
in our approach we can deal with maps having regularity, having unbounded 

derivatives, and where the singular set is parallel to the contracting direction, as it 
happen in the Lorenz-like maps we consider in Section 0 

The function spaces we consider are defined by disintegrating signed measures 
on the phase space along the contracting foliation. The signed measure itself is 
then seen as a family of measures on the contracting leaves. We can then consider 
some notion of regularity for this family to define suitable spaces of more or less 
“regular” measures where to apply our transfer operator. To give an idea of these 
function spaces (see section [3|), in the case of skew product maps of the unit square 
I X I to itself, the disintegration gives rise to a one dimensional family (a path) 
of measures defined on the contracting leaves, each leaf is isomorphic to the unit 
interval /, hence a measure on / x / is seen as a path of measures on /: a path in a 
metric space. The function spaces are defined by suitable notions of regularity for 
these paths. In the case I x I for example, the spaces which arise are included in 
L^{I, Lip{iy) (the space of functions from the interval to the dual of the space 
of Lipschitz functions on the interval), imposing some kind of further regularity. 
We remark that this is a space of distribution valued functions. For simplicity we 
will only use normed vector spaces of signed measures in this paper, we do not 
need to consider the completion of the space of signed measure, which would lead 
to distribution spaces. 

The paper is structured as follows: in Section 3 we introduce the functional 
spaces we consider; in Section 4 we show the basic properties of the transfer op¬ 
erator when applied to these spaces. In particular we see that there is a useful 
“Perron-Frobenius”-like formula. In Section 5 we see the basic properties of the 
iteration of the transfer operator on the spaces we consider. In particular we see 
Lasota-Yorke inequalities and a convergence to equilibrium statement. In Section 
6 we use the convergence to equilibrium and the Lasota-Yorke inequalities to prove 
the spectral gap. In Section [7] we present an application of our construction, show¬ 
ing a spectral gap for 2-dimensional Lorenz-like maps (piecewise hyperbolic 

maps with unbounded expansion and contraction rates). In Section [8] we apply 
our construction to a class of piecewise Lorenz-like maps. We prove stronger 
(bounded variation) regularity results for the iteration of probability measures on 
that systems, and use this to prove a strong statistical stability statement with 
respect to deterministic perturbations: we establish a modulus of continuity 5 log 5 
for the variation of the physical measure in weak space Lip{I)')) after a “size 

i5” perturbation. We remark that a qualitative statement, for a class of similar maps 
was given in [1]. 
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nership in Dynamical Systems (FP7-PEOPLE- 2012-IRSES 318999 BREEDS). 


SPECTRAL GAP FOR 2-DIMENSIONAL CONTRACTING FIBERS SYSTEMS 


3 


2. Contracting Fiber Maps 

Consider E = Ni x iV 2 , where Ni and N 2 are compact and finite dimensional 
Riemannian manifolds such that diam(A^ 2 ) = 1, where diam(A^ 2 ) denotes the diam¬ 
eter of N 2 with respect to its Riemannian metric, ^ 2 - This is not restrictive but will 
avoid some multiplicative constants. Denote by mi and m 2 the Lebesgue measures 
on 7Vi and N 2 respectively, generated by their corresponding Riemannian volumes, 
normalized so that mi(iVi) = m 2 (A^ 2 ) = 1 and m = mi x m 2 . Consider a map 
F : (S,m) —> (S,m), 

(1) F{x,y) = {T{x),G{x,y)), 

where T : Ni —>■ iVi and G : E —> N 2 are measurable maps. Suppose that these 
maps satisfy the following conditions 

2.0.1. Properties ofG. 

Gl: Consider the F-invariant foliation 

(2) ^'*:={{4xiV2},e^,. 

We suppose that F® is contracted: there exists 0 < a < 1 such that for all 
X G A^i it holds 

(3) d 2 {G{x,yi),G{x,y 2 )) < ad 2 {yi,y 2 ), for all yi,y 2 & N 2 . 

2.0.2. Properties of T and of its associated transfer operator. Suppose that: 

Tl: T is non-singular with respect to mi {mi{A) = 0 => mi(T ^(A))) = 0). 

T2: There exists a disjoint collection of open sets P = {Pi, - ■ ■ , Pq} of A^i, 
such that mi (U?=i Pi) = 1 and Ti := Tjp. is a diffeomorphism : Pi —>■ 
Ti{Pi) C A^i, with det DTi{x) 0 for all x € Pi and for all i, where DTi is 
the Jacobian of Ti with respect to the Riemannian metric of Ni. 

T3: Let us consider the Perron-Frobenius Operator associated to T, Pt 0. We 
will now make some assumption on the existence of a suitable functional 
analytic setting adapted to Pp. Let us hence denote the nornQby | • |i 
and suppose that there exists a Banach space {S_, | • |s) such that 

T3.1: S_ C is Pp-invariant, | • |i < | • |s and Pp : S_ —>■ S_ is bounded; 

T3.2: The unit ball of {S_, \ ■ |s) is relatively compact in | • |i); 

T3.3: (Lasota Yorke inequality) There exists fc G N, 0 < /3 q < 1 and C > 0 
such that, for all / G S'., it holds 

(4) \P^Tf\s<Po\f\s+C\f\l. 

T3.4: Suppose there is an unique ijj^ G S_ with > 0 and = 1 such 
that Fri'ipx) — if is another density for a probability 

measure, then — V’) —0 in 5_11 

^The unique operator Pt' : —> ^mi such that 

G and Vb G f ij) ■ Pt(0) = f o T) • 0 dmi. 


^Notation: In the following we use | • | to indicate the usual absolute value or norms for signed 
measures on the basis space Ni. We will use || ■ || for norms defined for signed measures on S. 

^This assumption ensures that from our point of view the system is indecomposable. For 
piecewise expanding maps e.g., the assumption follows from topological mixing. 
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It is known that in this case ([20], see also [28], [22] ) the following holds. 

2.1. Theorem. If T satisfy TS.l,..., TS.d then there exist 0 < r < 1 and D > 0 
such that for all (f € S_ with f (j) dmi = 0 and for all n > 0, it holds 

( 5 ) \plfms < Dr^l^U. 

The following additional property on | • will be supposed sometimes in the 
paper, to obtain spectral gap on L°° like spaces. 

Nl: There is > 0 such that | • |oo < ■ \s (where | • |oo is the usual 

norm on Ni ) 

Iterating the inequality dH) and since it holds | PT(/i)|i < |/i|i, for all h G 
we have 


(6) |P^V|.</3oI/|. + 7-^I/|i, 

J- ~ Po 

for all f G S_ and for all I G N. For a given n G N, set n = + r„, where 

0 < r„ < /c. Since Pt : S —S is bounded, there exists Mi > 0 such that 

I P’'"f fll 

I Py" |s < Ml for all n, where | P^" |s = sup —Thus, we have 

/es.j^o \j\s 


M- 


|Pt/|. 


f\s 


_ I k+Tn 

= \P^T^{PT-f)\s 

< Pr\PT^f\s + 


c 


1 -, 

c 


-I/ll 


< /3g"Mi|/|, + ^-^|/|i 




C 


Setting , j32 = /3j and C 2 = 


< Mil/U + ^^l/li 

c 


< 


-/3c 


I/ll 


1- 


we get 


(7) |P?^/|s<i33/32l/U + C 2 |/|i, Vn, V/g5, 

where 0 < /32 < 1- 


3. Weak and strong spaces 

3.1. V " like spaces. Through this section we construct some function spaces which 
are suitable for the systems we consider. The idea is to consider spaces of signed 
measures, with suitable norms constructed by disintegrating measures along the 
stable foliation. Thus a signed measure will be seen as a family of measures on each 
leaf. As an example, a measure on the square will be seen as a one parameter family 
(a path) of measures on the interval (a stable leaf). In the vertical, contracting 
direction (on the leaves) we will consider a norm which is the dual of the Lipschitz 
norm. In the “horizontal” direction we will consider essentially the norm. 

Consider a probability space (E, B, fx) and a partition P of E by measurable sets 
7 G S. Denote by tt : E —>■ T the projection that associates to each point x G M 
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the element of F which contains x, i.e. 7 r(x) = Let B be the cr-algebra of F 
provided by tt. Precisely, a subset Q C F is measurable if, and only if, 7r“^(Q) € B. 
We define the quotient measure on F by 

The proof of the following theorem can be found in [24], Theorem 5.1.11. 

3.1. Theorem. (Rokhlin’s Disintegration Theorem) Swpose that H is a complete 
and separable metric space, T is a measurable partitioi^ of S and fi is a probability 
on S. Then, p, admits a disintegration relatively to F, i.e. a family of 

probabilities on S and a quotient measure /i^, = 7r*/r such that, for all measurable 
set E CH: 

(a) = 1 for Mx-a-e- 7 e T; 

(b) the function F — > K, defined by 7 1 — > fij{E) is measurable; 

(c) /i(£;) = J p.^{E)d;i,^{-f). 


The proof of the following lemma can be found in |24) . proposition 5.1.7. 

3.2. Lemma. Suppose the a-algebra B, ofYi, has a countable generator. //({/i-|,}.ygr, Tx) 
and tix) ore disintegrations of the measure p relatively to F, then = /i^, 

pL„,-almost every 7 € F. 


Let {X, d) be a compact metric space, g : X —> K. be a Lipschitz function and 
let L{g) be its best Lipschitz constant, i.e. 


Hg) 


x,yex L d{x,y} ) 


3.3. Definition. Given two signed measures p. and v on X, we define a Wasserstein- 
Kantorovich Like distance between jj, and i/ by 

( 8 ) W°{yi,iy)= sup 

i(s)<Lll9lU<l 



From now, we denote 

(9) ||Mlk:=bFi°(0,/r). 

As a matter of fact, || • \ \w defines a norm on the vector space of signed measures 
defined on a compact metric space. We remark that this norm is equivalent the 
dual of the Lipschitz norm. 

Let 5S(E) be the space of Borel signed measures on E. Given G 5S(E) denote 
by and p,~ the positive and the negative parts of it (/r = — /r“). Denote 

by AB the set of signed measures /i G 5S(E) such that its associated positive and 
negative marginal measures, 7 r*/r+ and absolutely continuous with respect 

to the volume measure mi, i.e. 

(10) AB = {/r G SB{T,) : Tr^/i^ << mi and << mi}, 

where : E —> Ni is the projection defined by 7r(x, y) = x. 

^We say that a partition F is measurable if there exists a full measure set Mq C S s.t. 
restricted to Mq, F = for some increasing sequence Fi A F 2 ^ F„ -< ■ ■ ■ of 

countable partitions of S. Furthermore, F^ A F^+i means that each element of 'Pi-i-i is a subset 
of some element of Fi. 
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Given a probability measure pi G AB on E, theorem lS. II describes a disintegration 
jjL^') along (see equation ([ 2 ])) 0 by a family of probability measures 

on the stable leaved and, since p, G AB, can be identified with a non negative 
marginal density : Ni —> R, defined almost everywhere, with = 1. For a 
positive measure p G AB we define its disintegration by disintegrating the normal¬ 
ization of p. 

3.4. Definition. Let TTjy : j —>■ JV 2 be the restriction TTy\^, where tTj, : E — 
is the projection defined by 7Ty{x,y) = y and 7 G .F®. Given a positive measure 
p G AB and its disintegration along the stable leaves F"®, = (j)„,mi), we 

define the restriction of p on 7 as the positive measure p\j on N2 (not on the 
leaf 7 ) defined, for all mensurable set A C N 2 , as 

p\j{A) = Tr*^y{(l),^{j)p^){A). 

For a given signed measure p G AB and its decomposition p = p^ — p~ , define the 

restriction of p on 7 by 

(12) p\j = ^^[7 — p I7. 


3.5. Definition. Let C AB be defined as 
(13) = 


^ = ^p G AB ■. J Wi{p'^\j,p |.y)dmi( 7 ) < oo| 

and define a norm on it, || • ||i : —> R, by 

(14) 


= [ l7)^™l(7)- 

JNi 


Now, we define the following set of signed measures on E, 

(15) S^ = {pG£^-,cP,gS_}. 

Consider the function || • ||si '■ —> R, defined by 

( 16 ) ll^llsi = + IImIIi, 

where we denote — p~ with being the marginals of p^ as explained 

before, p,^ is the marginal density of the disintegration of p and we remark that 
p'^ is not necessarily equal to the positive part of p^. 

The proof of the next proposition is straightforward. Details can be found in 

[23]. 

3.6. Proposition. || • ||i) and (5^, || • \\s^) normed vector spaces. 

^By lemma 13.21 the disintegration of a measure /i is the /i.^-unique measurable family 
such that, for every measurable set E' C B it holds 

( 11 ) (i{E)=f fi{En'y)d{(p^mi){'y). 

Jni 

We also remark that, in our context, F and tt of theorem 13. H are respectively equal to and ttx, 
defined by 7r(x, y) = x, where x G Ni and y G N 2 . 

®In the following to simplify notations, when no confusion is possible we will indicate the 
generic leaf or its coordinate with 7 . 
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3.2. L°“ like spaces. 

3.7. Definition. Let C ABCS) be defined as 

(17) G AB : ess < oo} , 

where the essential supremum is taken over with respect to mi. Define the 
function || • ||oo : £°° —> R by 

(18) Halloo = ess sup(lLi°(^+|.^,^"|.^)). 

Finally, consider the following set of signed measures on E 

(19) = {f,GC^-,ct>^eS_}, 
and the function, || • ||so° : S°° —R, defined by 

(20) ll/^lls“ = |</>x|s + ll/^lloo- 

The proof of the next proposition is straightforward and can be found in [23] . 

3.8. Proposition. (£°°, || • ||oo) and {S°°, || • ||s°o) are normed vector spaces. 

4. Transfer operator associated to F 
Let us now consider the transfer operator F* associated with F, i.e. such that 

[F* ti](.E) = ^^{F-\E)), 

for each signed measure /x G 5S(E) and for each measurable set if C E. 

4.1. Lemma. For all probability p G AB disintegrated by the disinte¬ 

gration ((F* /i)^, (F* /i)x) of F* p is given by 


( 21 ) 

and 

( 22 ) {F* := 


(F* p)x = Pr('/'x)”^i 


E 


PT((/>a;)(7) IdetDTi 




(j) 


when Ft{4>x){i) 7^ 0- Otherwise, ifPT{4>x){'l) = 0, then iy.y is the Lebesgue measure 


on 7 (the expression 




XTi(Pi){l) 


is understood to 


IdetDT.I Pt(4)(7) ^ 

be zero outside Ti{Pi) for all i = 1, ■ ■ ■ , q). Here and above, Xa *■5 ^^6 characteristic 
function of the set A. 


Proof. By the uniqueness of the disintegration (see Lemma 13.21 ) to prove Lemma 
14.11 is enough to prove the following equation 

(23) F*p{E)=f p-^{Er\j)FT{<l)x){x)dl, 

JNi 

for a measurable set if C E. To do it, let us define the sets Bi = {7 G £“^( 7 ) = 0}, 
B 2 = {7 G B(; PT{(t>x)(.l) = 0} B 3 = {Bi U i? 2 )^. The following properties can 
be easily proven: 

1. Bi n Bj = 0, T~^{Bi) n T~^{Bj) = 0, for all 1 < *, j < 3 such that f ^ j 
and [jLlB^ = \JLlT-HB,) = Nl■ 

2 . mi{T-\Bi)) = mi{T-^{B2)) = 0 ; 
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Using the change of variables 7 = T^/?) and the definition of z/-y (see (l22)l l. we 
have 


^ n 


= E 


oT^ ^(7)FVT~i(^)(-E)dmi(7) 


i=i dTi{Pi)nB 3 I det DTi 

E [ cl,,iP)f,piF-\E))drmiP) 

i=i dp.nT-\B3) 


iT-^iBa) 




^^|3{F {E))d(l)^mi{l3) 


Ni 


>UUiT-HB.) 

^^0{F~^{E))d(j)^ml{|3) 

= Kf-\e)) 

= FV(i?). 

And the proof is done. □ 

Now, if // S appliying the above Lemma to /i+ and we directly get 


4.2. Proposition. Let 7 € be a stable leaf. Let us define the map F.y : N 2 — > N 2 
by 

F^=TTyO F\-f O TT-^y. 

Then, for each pL £ and for almost all 7 £ Ni (interpreted as the quotient space 
of leaves) it holds 


(24) 


(F* p)U 


E 


I det DT, o ( 7 ))I 


for almost all 7 £ Ni. 


5. Basic properties of the norms and convergence to equilibrium 

In this section, we show important properties of the norms and their behavior 
with respect to the transfer operator. In particular, we show that the norm is 
weakly contracted by the transfer operator. We prove Lasota-Yorke like inequalities 
for the strong norms and exponential convergence to equilibrium statements. All 
these properties will be used in next section to prove a spectral gap statement for 
the transfer operator. 

5.1. Proposition (The weak norm is weakly contracted by F*)- If p, £ then 
(25) ||F*/i||i<||/i||i. 


In the proof of the proposition we will use the following lemma about the behavior 
of the II • ||w norm (see equation ([9])) after a contraction. Essentially it says that a 
contraction cannot increase the 11 • 11 iv norm. 
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5.2. Lemma. For every /i G AB and a stable leaf j G , it holds 

(26) II F* mItIIie < IlMkllvp, 

where : N 2 —> N 2 is defined in Proposition \4.‘d\ Moreover, if p, is a probability 
measure 


(27) ||F*>|k = ||/.i||M/ = l, V n>l. 

Proof, (of Lemma 15.2|) Indeed, since iTy is an a-contraction, if I 5 I 00 < 1 and 
Lip{g) < 1 the same holds for g o F^. Since 


/ 


5 dF*/i 


g{F^) dp. 


taking the supremum over Igloo < 1 and Lip{g) < 1 we finish the proof of the 
inequality. Equation (12711 is trivial since if /i is a probability measure. □ 

Now we are ready to prove Proposition l5.ll 


Proof, (of Proposition 15.11 ) 

In the following we consider, for all i, the change of variable 7 = Tiia). Thus, 
Lemma 15.21 and equation (l24l) yield 


|F>||i = 


||(F* p)\fi\wdmi{n) 


Ni 


< 




F^-1(^)MIt-1(7) 


detDTfiT-\j))\ 
^2 f l|FaM|a|lu/dTOl(a) 

« r 

Y] / MaWwdmiia) 

JPi 


dmi( 7 ) 


w 


□ 


The following proposition shows a regularizing action of the transfer operator 
with respect to the strong norm. Such inequalities are usually called Lasota-Yorke 
or Doeblin-Fortet inequalities. 

5.3. Proposition (Lasota-Yorke inequality for S^). There exist A, ^2 G K, A < 1 
such that, for all p € , it holds 

(28) ||F*>||si < AlA"||/^||si+ 732 ||/^||i Vn>l. 


Before the proof of the proposition we prove a preliminary Lemma 

5.4. Lemma. Let k, /3q and C be the constants of assumption T3.3, then there is 
C > 0 such that for all p G S^, it holds 

(29) ||F*Vllsi <^ollMllsi+C||/i||i. 
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Proof, (of Lemma 15.41 ) Firstly, we recall that is the marginal density of the 
disintegration of fi. Precisely, cj)^ = — cff, where (j)'^ = and <j)f = 


Set C = 1 + C. Thus, it holds (note that < ||/i||i) 


dmi 


|F*Vllsi = |Pt4I« + IIf*VIIi 

^ / 3 ol?^xls + C'I'/'xli + IImIIi 

< / 3 o(l?^a;|s + IImIIi) + C'IImIIi 

< /^oIImIIsi + C'IIa^IIi- 


Proof, (of Proposition 15.31 ) 

Note that, iterating one time the inequality (|29ll . we get 


\\F*^’^f,\\s^</3lM\si+C{l + f3, 

Thus, for all s € N, we have 


dmi 


□ 


||F*"Vllsi < Po 

< Po 

Therefore, for all s G R, it holds 


51 + (7(1 + /3q + • 
C 


3S-1 


)IHIi 


SI 


^ ~ Pc 


1- 


(30) 


11 


Ai||si < /3oll/^llsi + 


(7 

^ ~ Po 


1- 


For a given n G N, let n = Qnk + r^ where 0 < rn 
S is bounded, there exists Mi > 0 such that | P^" \s 

IPt”(/)U 

|P/|s= sup -—-.Thus, 

/eS.,//o \f\s 


< k. Since Ft '■ S_ —>• 

< Ml for all n, where 


F*>||si < Pl"\\F*^-^^\y + J^M\l 

^ ~ Po 

< Pl"(.\P t-{P.)\s + II F*^" Mill) + T-^IHIi 

^ ~ Po 

< ;3g'‘(Mi|<)>J, + ||M||i) + -^|H|i 

^ ~ Po 

< AM||m||s + S2||mIIi, 


1 

where A = /3j, 


. Ml 

A = —— and B 2 = 1 

Po 


C 

^ ~ Pc 


□ 
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5.1. Convergence to equilibrium. In general, we say that the a transfer operator 
L has convergence to equilibrium with at least speed $ and with respect to norms 
II • ||s and II • ||„, if for each / G = {/ £ Bs,f{X) = 0 }, it holds 

(31) ||L-/|U<$(n)||/|U 


where $(n) —> 0 as n —> oo. 

In this chapter, we prove that F has exponential convergence to equilibrium. 
This is weaker with respect to spectral gap. However, the spectral gap follows from 
the above Lasota-Yorke inequality and the convergence to equilibrium. To do it, 
we need some preliminary lemma and the following is somewhat similar to Lemma 
considering the behaviour of the || • ||iv norm after a contraction. It gives a finer 
estimate for zero average measures. 


5.5. Lemma. For all signed measures on N 2 and for all 7 G iVi(= it holds 

II F* pIIve < a||/^||iv + KN 2 ) 

(a is the rate of contraction of G). In particular, if p{N 2 ) = 0 then 

||F* mIIve < allMlIvE- 


Proof. If Lip{g) < 1 and ||g||oo < 1, then g o F^ is a-Lipschitz. Moreover, since 
Halloo < 1, then ||g o — 0||oo < a, for some 9 < 1. Indeed, let z G A ^2 be such 
that \g o F..f{z)\ < 1, set 9 = g o Fj{z) and let d 2 be the Riemannian metric of N 2 . 
Since diam(iV 2 ) = 1, we have 

\9 ° Fi{y) -G\< ad 2 {y, z) < a 

and consequently ||g o — 0||oo < a. 

This implies. 


IN2 


gdF*fj- 


IN2 


g o F.ydp, 


< 


1 N 2 


g O Fry — 9dfl 


g O Fry 


IN 2 


a 


■dp 


/ 9dp 

1 N 2 
-9\p{N2)\. 


And taking the supremum over |g|oo < 1 and Lip{g) < 1 , we have ||F*/i||ve < 
g||fI|iv + m(-^ 2 )- In particular, if ^(-^ 2 ) = 0 , we get the second part. □ 


5.6. Proposition. For all signed measure p G , it holds 
(32) ||F*/i||i < a||/i||i + (a + iMJi- 

Proof. Consider a signed measure p G and its restriction on the leaf 7 , p\ry = 
Set 

P\ry = TTry^yPry. 

If p is a positive measure then 71 I 7 is a probability on N 2 and p\ry = (p,^{'y)'p\ry. 
Then, the expression given by Proposition 14.21 yields 
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IlFVIIi < ^ 

Q 

E 


< 

2^1 

Q 

+ E 

i=l 

= I 1 + I 2 , 


f 


F^-”b7)^ l'r;-i(7)4(L ^( 7 )) 

iT(Pi) 

|detOT,|o7;-i(7) 

|detOT,|oT;-i(7) 

f 


M'*’ T7^(7)‘^a: (^i ^( 7 )) 

iT(Pi) 

|detOT,|o7;-i(7) 

IdetOT^I 0 77-1(7) 

f 


F^-1(7) 

iT(Pi) 

|detOT,|o7;-i(7) 

|deti^T,|o77-i(7) 


where 


i^ = E 


f 

Kr\-y) M+lT-h7)^-(^''W) 

F;-i(7)M+iT-b7)'^A7; ^( 7 )) 

lT{Pi) 

|detOT,|o7;-i(7) 

|det7?T,| 0 77-1(7) 


dmii'y) 


w 


and 


i^ = E 


2=1 


f 

i'd'i ( 7 )) 

Fy-1(7)M \T-\-y)^x{Ti \l)) 

JT{Pi) 

|det7?r,|o7;-i(7) 

IdetOT.I 077 - 1 ( 7 ) 


dmi ( 7 ) 


w 


Let us estimate Ii and I 2 . 

By Lemma 15.21 and a change of variable we have 


= E 


/T(P7 


E'(7) ^ 


- 4 I 

w |detDTi| 


oT^ ^(j)dmi(j) 


< 


iNi 


F^M+I/3 - 4'x\{P)dmi{P) 


1'/'^ - </>x \W)dmi{P) 


JNi 


dmi{^) 

w 

dmiij) 

w 

dmi(7) 

w 


and by Lemma l5.5l we have 
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I 2 = 


< 


E 

q 


fT{Pi) 




w I det DTi 


oT- ^(7)dmi(7) 


2=1 
< a 


E F^(m+I/ 3 -M I/3) 


L 


< a 


Ni 


iNi 


M+l/3-Ai 1/3 „ 0x(/3)t^wi(/3) 
w 

M+l/3</>x (/3) - M+I/3</'^(/3) „dmi{P) 


IE 


< a 


M+l/3'/'x (/3) - M+l/3'/'x (/?) ^^dmi{l3)+a I /x+|;3<^+(/3) -/i (/3) dmi(/3) 


JNi 

a|(/)^|i +a||/^||i. 






/ATl 


IV 


Summing the above estimates we finish the proof. 


□ 


Iterating (15^ we get the following corollary. 

5.7. Corollary. For all signed measure g, € it holds 

where a = . 

1 —a 

Let us consider the set of zero average measures in defined by 
(33) Vs = {ti€S^ : /r(S) = 0}. 

Note that, for all /i G Vs we have 7r*/x(A^i) = 0. Moreover, since = 4>^mi 
{(j)^ = (t>t — 4'x)^ have / (t>x^''^i = 0- This allows us to apply Theorem 12.II in 

JNi 

the proof of the next proposition. 

5.8. Proposition (Exponential convergence to equilibrium). There exist D 2 G K 
and 0 < ,5^ < 1 such that, for every signed measure gi £ Vs, it holds 

\\Y*^g\\i<D2P^Msg 


for all n> 1. 

Proof. Given g G Vs and denoting — (pf, it holds that J (j),^dmi = 0. 

Moreover, Theorem l2.1l vields | Vt{^x)\s < Idr'^\4>J^s for all n > 1, then | VT{(t>x)\s < 
Z)r"||/i|| 5 i for all n > 1. 

Let I and 0 < d < 1 be the coefficients of the division of n by 2, i.e. n = 21 + d. 
Thus, I = (by Proposition 15.11 we have ||F*®mIIi ^ IImIIij for all s, and 
llvlli < IImIIsO and by Corollary 15.71 it holds (below, set Pi = supl-^r, 1 /^}) 



























14 


STEFANO GALATOLO AND RAFAEL LUCENA 


where D 2 


F*"/4||i 


1 + aD 


< 

< 

< 

< 

< 




rf«(F*^+V)) 

dm I 


Q;^||/i||i + a\ Pt('/>x)|i 

{\ + aD)f3^'^rMs. 

WIIa^IIsg 


□ 


5.9. Remark. We remark that the rate of convergence to equilibrium, for the 
map F found above, is directly related to the rate of contraction, a, of the stable 
foliation, and on the rate of convergence to equilibrium, r, of the induced basis 
map T (see equation [5|). More precisely, /3i = max{i/a, -^/r}. Similarly, we have an 
explicit estimate for the constant Z? 2 , provided we have an estimate for D in the 
basis mapQ. 


Now recall we denoted by the unique T-invariant density in S- (see T3.4). 
Following the construction exposed in [52] (subsection 7.3.4.1) we consider as the 


F'-invariant measure such that 
proposition. 


dmi 


= € S-. This motivates the following 


5.10. Proposition. The unique invariant measure for the system F : Ni x N 2 —> 
Ni X N 2 in is ^q. Moreover, if Nl is satisfied, p,g is the unique F-invariant 
measure in S°°. 


\ 

Proof. Let /in be the F-invariant measure such that —^_JL = if^ g S'_, where 

dm I 

ip,„, is the unique T-invariant density (see T3.4) in S-. Define the probability 
Since HmoUIIw = 1 (it is a probability), we have HmoIvIIve = 
l^xilM'PoUWw = So / \\fJ-oU\\wdmi{-f) = f ljp„(j)ldmi(j) = < 00 . 

Then G C^. By construction, G S-. Then G S^. And we are done. 

If Nl is satisfied, we have | • |oo < I ’ Is- Suppose that g : N 2 —K is a 
Lipschitz function such that Igjoo < 1 and L{g) < 1. Then, it holds [J gd{iJ.Q\j)\ < 
\ 9 \ 0 oipxh) < li’xloo < lifxU- Hence, G S°^. 

For the uniqueness, if y-Q, yti G are F-invariant, then G V^. By 

Proposition jAS] F*^{yo — yi) —>■ 0 in C^. Therefore, yQ — y^ = 0. 

□ 


5.2. L°° norms. In this section we consider an L°° like anisotropic norm. We show 
how a Lasota Yorke inequality can be proved for this norm too. 

5.11. Lemma. Under the assumptions Gl, Tl, ...,T3.3, for all signed measure y G 
with marginal density (f),,, it holds 

||F /r||oo^Cl|P7^1|oo||M||oo“t”|PT 4^x loo- 


^It can be difficult to find a sharp estimate for D. An approach allowing to find some useful 
upper estimates is shown in m 
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Proof. Let Ti be the branches of T, for all i = 1 • • ■ q. Applying Lemma 1531 on the 
third line below, we have 


||(FV)l7llw" = 


w 


< 


< 


^ IIG-i(^)/^lr-^(7)ll^ 

^ |detI?T.(7;-'(7))| 

I XT{Pi)[l) 


2=1 

< a 


\detDT,{T-\^))\ 
Xt{p,){i) 


■E 


E' 


^AT-\l)) 


^ \deiDUT-\^))\ ^ |detOT,( 7 ;-i( 7 ))| 

Hence, taking the supremum on 7 , we finish the proof of the statement. 


XT(Pi)i.l)- 

□ 


Applying the last lemma to F*” instead of F one obtains. 

5.12. Lemma. Under the assumptions Gl, Tl, ...,T'dA, for all signed measure p, £ 
5'°° it holds 

||F*>||oo<a"|PJlU||/i||oo + |P?4|oo, 
where is the marginal density of p.. 

5.13. Proposition (Lasota-Yorke inequality for S'^). Suppose F satisfies the as¬ 
sumptions Gl, n,...,T3.4 and Nl. Then, there are 0 < oi < 1 and Ai,i ?4 £ K 
sueh that for all /i £ S°°, it holds 

||F*>||s=o < Ai<|H|soo+H4||/r||i. 


Proof. We remark that, by equation ([7|) and (Nl) it follows | Pj l|oo < Hn{B 3 +G 2 ), 
for each n. Then, 


F*>||s=o = |p^4|, + ||F™m|U 

< [^3/32 I'AxIs + C'2|0x|l] + ['^"1 Ft 1|oo||m||oo + I Pt ^a:|oo] 

< [B3P2\^Js+G2\ct>J^] 

+ KH^(H3+C2)||MlU+Ff^(H3^2l</'Js+C2|<(-Jl)]. 

< [max(a, ,82)]" [333(1 + “^H^) + FlArC'2]||^||s=o + C2(l + i 7 Ar)||^||i, 


where \4>x\i < IImIIi and \4>x\s < IImIIs°°- We finish the proof, setting oi = 
max(Q;,/ 32 ), Ai = [ 53(1 + 2Hn) + HjvC 2 ] and i ?4 = C 2 (l + H^). □ 


6. Spectral gap 

In this section, we prove a spectral gap statement for the transfer operator 
applied to our strong spaces. For this, we will directly use the properties proved 
in the previous section, and this will give a kind of constructive proof. We remark 
that, we cannot appy the traditional Hennion, or lonescu-Tulcea and Marinescu’s 
approach to our function spaces because there is no compact immersion of the 
strong space into the weak one. This comes from the fact that we are considering 
the same “dual of Lipschitz”distance in the contracting direction for both spaces. 
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6.1. Theorem (Spectral gap on S^). If F satisfies Gl, T1,...,T3.4 given at be¬ 
ginning of section [H then the operator F* : can be written as 

F* =P + N, 

where 

a) P is a projection i.e. P^ = P and dim/Tii/p) = 1; 

b) there are 0 < ^ < 1 and K > 0 such thatu Vp G 

IIn"(ai)||si < Mls ^ CK -, 

c) PN = NP = 0. 

Proof. First, let us show there exist 0 < .^ < 1 and Ki > 0 such that, for all n > 1, 
it holds 


(34) 


<CK,. 


Indeed, consider p GVs (see equation (1^ 1 s.t. ||^||si < 1 and for a given n G N let 
m and 0 < d < 1 be the coefficients of the division of n by 2, i.e. n = 2m + d. Thus 
m = By the Lasota-Yorke inequality (Proposition 15.3p we have the uniform 
bound ||F*”/r||si < B 2 A for all n > 1. Moreover, by Propositions 15.81 and 15.11 
there is some D 2 such that it holds (below, let Aq be defined by Aq = max{/3^. A}) 




where f, = i/Ao and Ki = 
(35) 


< X"^A{A + B2) + B2\\F*^p\\i 

< x"^a{a + B2) + B2D2PT 

< X'^[A{A + B2)+B2D2] 

— '^0^ [A{A F B 2 ) F B 2 D 2 ] 

— (^'\/^) [A{A F B 2 ) F B 2 D 2 ] 

= CKi, 

^ [A{A F B 2 ) F B 2 D 2 ]. Thus, we arrive at 

ii(F*ij”iisi^s^<rifi- 


Now, recall that F* : has an unique fixed point /Tq. Consider the 

operator P : [pg] ( [bo] the space spanned by defined by P(b) = 

p(Ti)Pq. By definition P is a projection. Define the operator 

8:5^^ V«, 


by 


S(b) = b - P(b) V p e S^. 


Thus, we set N = F*oS and observe that, by definition, PN = NP = 0 and 
F* = P + N- Moreover, N"(b) = F*”(S(b)) for all n > 1. Since S is bounded 
and S(b) G Vs we get, by ((351), ||N”(b)llsi < C”^llbllsb for all n > 1, where 
dF = Jfill S n 


®We remark that, by this reason, the spectral radius of N satisfies p(N) < 1, where N is the 
extension of N to (the completion of Si). This gives us spectral gap, in the usual sense, for 
the operator F : Si —> Si. The same remark holds for Theorem ??. 
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In the same way, using the C°° Lasota Yorke inequality of Proposition 15.131 it 
is possible to obtain spectral gap on the L°° like space, we omit the proof which is 
essentially the same as above: 

6.2. Theorem (Spectral gap on S°°). If F satisfies the assumptions Gl, Tl ,..., T3.4 
and Nl, then the operator F* : S°° —> S°° can be written as 

F* = P + N, 

where 

a) F is a projection i.e. P^ = P and dim/m(p) = 1; 

b) there are 0 < < 1 and K 2 > 0 such that ||N"(/r)||s“ < \\h'\\s°°^iK 2 

V 

c) PN = NP = 0. 

6.3. Remark. We remark the ’’gap”, for the map F found in Theorem 16.11 is 
directly related to the coefficients of the Lasota-Yorke inequality and the rate of 
convergence to equilibrium of F found before (see Remark [5.9p . More precisely, 
f = Y^maxjA, /3i}. We remark that, from the above proof we also have an explicit 
estimate for K in the exponential convergence, while many classical approaches are 
not suitable for this. 


7. Application to Lorenz-like maps 

In this section, we apply Theorems 16.11 and 16.21 to a large class of maps which 
are Poincare maps for suitable sections of Lorenz-like flows. In these systems (see 
e.g 0 ), it can be proved that there is a two dimensional Poincare section E which 
can be supposed to be a rectangle, whose return map Fl : [0,1]^ —[0,1]^, after a 
suitable change of coordinates, has the form FL{x,y) = {TL{x),GL{x,y)), having 
all properties given at beginning of section [2l The map Tl : [0,1] —[0,1], in this 
case, can be supposed to be piecewise expanding with G^'^°‘ branches. Hence we 
consider a class of skew product maps [0,1]^ —>■ [0,1]^ satisfying (Gl), (Tl), (T2), 
and the following properties on Tl'. 


7.0.1. Properties ofTL in Lorenz-like systems . 

(P’l) 1 —— is of universal bounded p-variation, i.e. 

plI 


(36) 


varp(|T£|) := sup 




El 


1 


\i=0 


\Tf{x,)\ |n(x._i)|' 


< 00 ; 


(P’2) inf \T2°'\ > Ai > 1 for some no G N. 

We remark that, the notion of universal bounded p-variation varp is a general¬ 
ization of the usual notion of bounded variation. It is a weaker notion, allowing 
piecewise Holder functions. This notion is adapted to maps having G^+“ regularity. 

From these properties, it follows ([E]) that we can define a suitable strong space 
(the space S- in T3.1) for the Perron-Frobenius operator Pt associated to such a 
Tl, in a way that it satisfies the assumptions n,...,T3.3 and Nl. In this case, 
supposing a property like T3.4 then we can apply our results. For this, let us 
introduce a suitable space of generalized bounded variation functions with respect 
to the Lebesgue measure: BV^ 1 . The functions of universal generalized bounded 

’ P 
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variation are included in this weaker space (for more details and results see |18j , in 
particular Lemma 2.7 for a comparison of the two spaces). A piecewise expanding 
map satisfying assumptions (P’l) and (P’2) has an invariant measure with density in 
this weaker space, moreover the transfer operator restricted to this space satisfies 
a Lasota-Yorke inequality and other interesting properties, as we will see in the 
following. 

7.1. Definition. For an arbitrary function h : I —>■ C and e > 0 define osc(/i, : 

I —[0,oo] by 

(37) osc{h,B^{x)) = ess sup{|h(yi) - h{y 2 )\-,yi,y 2 £ B^{x)}, 

where B^ (x) denotes the open ball of center x and radius e and the essential supre- 
mum is taken with respect to the product measure on I^. Also define the real 
function osci(/i, e), on the variable e, by 

osci(h,e)= J osc{h,B^{x))dm{x). 

7.2. Definition. Fix Ai > 0 and denote by the class of all isotonic maps (j) : 
(0, Ai] —[0, oo], i.e. such that x < y => <j){x) < 4’{y) and (j){x) —0 if x —0. 
Set 

• Ri = {h ■. I —C;osci(h,.) £ <!)}; 

• For n G N, define = {h £ i?i; osci(/i, e) < n - ep Ve £ (0, Ai]}; 

• And set Sip = Bi,n-p- 


7.3. Definition. Let us consider the following spaces and semi-norms: 

(1) BVi 1 is the space of m-equivalence classes of functions in Sip; 

(2) Let h : I —> C be a Borel function. Set 

(38) va.T^ i{h) = sup (^osci(h, e) 

0<e<Ai \ep 


Let us consider | • |i i 

' P 

(39) 

it holds the following 

7.4. Proposition. (BVi 


■ BVi 1 —> M defined by 

’ P 

I/I 1 = vari i(/) -b |/|i, 

P ’ P 

i JI • li i ) is a Banach space. 

’ P ’ P / 


In the above setting, G. Keller has shown (see m) that there is an Ai > 0 (we 
recall that definition 17.21 depends on Ai) such that: 

(a) BVi 1 C is PT-invariant, Pt : BVi i —BVi i is continuous and it 

• P ’ P ’ P 

holds I • |i < I • |i 1 ; 

’ P 

(b) The unit ball of [BVi i, | • b i) is relatively compact in (L^, | • h); 

’ p Ip' 

(c) There exists /c £ N, 0 < /1 q < 1 and G > 0 such that 


(40) 


(c) 


|P|/lii </3ol/li,i+C^I/li- 

’ p > p 
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Repeating the proof of inequality 0, we get 

(41) |P?^/|i,i <S3/32l/li.i+C^2|/|i, Vn, 

Ip Ip ’ p 

for i? 3 , C 2 > 0 and 0 < /32 < 1- 

Moreover, in [2] (Lemma 2), it was shown that 

(d) 

P 

By this, it follows that the properties Tl, T2, T3.1,T3.3, A^l of section [2] are 
satisfied with S- = BV^ 1 and we can apply our construction to such maps. 

■ P 

We hence set 

(42) BVi 1 := 1/1 S £^;var;^ i(7ra;(/t)) < oo| 
and consider 11 • 11 1 i : BV^ i —M, defined by 

' P ’ P 

(43) IImIIi.I = + IImIIi- 

■ p ’ p 

Clearly, [BV^ i, || • ||i i ) is a normed space. If we suppose that the system, 

\ ’ P ’ P / 

Tl : I —> I, satisfies T3.4, then the system has an unique invariant probability 
measure with density € BV^ 1 . 

Directly from the above settings, Pronosition lS. Bl and from Theorem IG.ll it follows 
convergence to equilibrium and spectral gap for these kind of maps. 

7.5. Proposition (Exponential convergence to equilibrium). If Fl satisfies as¬ 
sumptions Gl, T1,T2, T3.4, P'l and P'2, then there exist D 2 > 0 and 0 < /32 < 1 
such that, for every signed measure /t £ V, it holds 

p 

for all n > 1. 

7.6. Theorem (Spectral gap for BVi 1 ). //Fl satisfies assumptions Gl, T1,T2, 

’ P 

T3.4, P'l and P'2, then the operator F|, : BV^ 1 —> BV^ 1 can be written as 

■ P ' P 

Fl = P + N 

where 

a) P is a projection i.e. P^ = P and dim/m(p) = 1; 

b) there are 0 < ^ < 1 and K > 0 such that for all /t £ BVi 1 

’ P 

II N”(/i)||sVj 1 < C"//||/i||bVj 1; 

’ p ’ p 

c) PN = NP = 0. 

We can get the same kind of results for stronger L°° like norms. Let us consider 

(44) := I /I £ £ BV, i] 

'p I dm ’pj 

and the function, || * ||^i : —)■ M, defined by 

^ - p ’ p 


(45) lb 

Applying Theorem 16.21 we get 


00 • 
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7.7. Theorem (Spectral gap for BV^i). I/Fl satisfies the satisfies assumptions 
Gl, T1,T2,T3.4, P'l and P'2, then the operator : BV^i —> BV^i can he 

■’ p Ip 

written as 

Fi =P + N, 

where 

a) F is a projection i.e. = P and dim/m(p) = 1; 

b) there are 0 < < 1 ^2 > 0 such that for all p, € 

■ P 

’ p ’ p 

c) PN = NP = 0. 


8. Quantitative Statistical Stability 

Through this section, we consider small perturbations of the transfer operator of 
a given system and try to study the dependence of the physical invariant measure 
with respect to the perturbation. A classical tool that can be applied for this 
type of problems is the Keller-Liverani stability theorem m- Since in our setting 
the strong space is not compactly immersed in the weak space, we cannot directly 
apply it. We will use another approach giving us precise bounds on the statistical 
stability. In this section, this approach will be applied to a class of Lorenz-like 
maps with slightly stronger regularity assumptions than used in Section [T] 

The following is a general quantitative result relating the stability of the invariant 
measure for a uniform family of operators and the convergence to equilibrium. Let 
L be a transfer operator acting on two vector subspaces of signed measures on X, 
L : (.Bs, II • ||s) —s> {Bs, II • ||s) and L : {By,, || - Hu,) —s> {By,, || • ||i„) endowed with 
two norms, the strong norm || • ||s on Bs, and the weak norm || • ||u, on By,, such 
that II • ||s > II • llu,. Suppose that 

Bs^By,CSB{X), 

where SB{X) denotes the space of signed Borel measures on X. 

8.1. Definition. A one parameter family of operators {Lijaeio,!) is said to be a 

uniform family of operators if 

UFl Let fs G i?s be a fixed probability measure for the operator Li. Suppose 
there is M > 0 such that for all S G [0,1), it holds 

IIM|.<M; 

UF2 Li approximates Lo when S is small in the following sense: there is C G M"*" 
such that: 

(46) ||(Lo-Li)/i|U < 

UF3 Lo has exponential convergence to equilibrium with respect to the norms 
II • ||s and II • ||uj: there exists 0 < P 2 < 1 C 2 > 0 such that for all f G Vs 
it holds 

||L^/IU<P^C2||/||.; 

UF4 The iterates of the operators are uniformly bounded for the weak norm: 
there exists M 2 > 0 such that 


VS,n,g G Bs it holds || Li g\\w < M2\\g\\w 
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We will see, under these assumptions we can ensure that the invariant measure 
of the system varies continuously (in the weak norm) when Lo is perturbed to Ls, 
for small values of d. Moreover, the modulus of continuity can be estimated. 

Let us state a general lemma on the stability of fixed points satisfying certain 
assumptions. Let us consider two operators Lo and Ls preserving a normed space 
of signed measures B ‘^SB{X) with norm || • ||g. Suppose that /o, fs & B are fixed 
points, respectively of Lo and La. 


8.2. Lemma. Suppose that: 

a) II La /a - Lo /alls < oo; 

b) Bq is continuous on B; 3Ci s.t. Vg € B, || LoffUza < CillgHj?. 
Then, for each N 

(47) ll/a - /oils < II L^(/a -/o)||h + II La/a - Lo/alls ^ Ci. 

ig[0.Af-l] 


Proof. The proof is a direct computation 

ll/a-/oils < II L^/a - L^/oils 

< II L^/o - L^/alls + II L^/a - L^/alls 

< l|L^(/o-/a)||s + ||L^/a-Lf/a||s 

(applying item b)). Hence, 

I l/o - /a| Is < 11 L^(/o - /a) I Is + 11 L^ /a - Lf /a| Is 

but 


N 


L^-Lf = 5 ILo ''HLo-La)L 


(fc-i) 

^a 


hence 


k=l 


N 


(L^'-Lf)/ = ''^(Lo-La)L5^'' ^Va 


k^l 

N 


= ''HLo-La)/a 


k^l 


by item c), hence 


N 


||(L^-Lf)/a||B < y^C'Af-fc||(Lo-La)/a||s 


k=l 


< ||(Lo - La)/a||s y] Ci 

ie[o.Ar-i] 


by item a), and then 


ll/a -/oils < II L(t^(/o -/a)||B + ||(Lo - La)/a||s X] Ci. 

i&[0,N-l] 


□ 


Now, let us apply the statement to our family of operators satisfying assumptions 
UF 1,...,4, supposing By, = B. We have the following 
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8.3. Proposition. Suppose {Lijagfo,!) is a uniform family of operators as in Def¬ 
inition \8.1\. where fo is the unique invariant measure of Lo in and fs is an 
invariant measure of Li. Then 

||/i-/olU = 0((51og(5). 


Proof. Let us apply Lemma [8^ By UF2, 


II Li /i - Lo /ilU < 


(see Lemma [8.21 item a) ). Moreover by UF4, Ci < M 2 . 

Hence, 

ll/i - /olU < SCM 2 N + II L^(/o - /i)|U. 

By the exponential convergence to equilibrium of Lo (UF3), there exists 0 < P 2 < 1 
and C 2 > 0 such that (recalling that by UFl ||(/i — /o)||s < 2M) 

||L^(/i-/o)IU < C2P^II(^-/o)||. 

< 2C2P2M 


hence 

choosing N 
(48) 


ll/i - /oIIb < SCM 2 N + 2C2P^M 

IQS'? I 
log P2 J 


ll/i -/oils < 5 CM 2 


< 6 log SC M 2 


logs 
_l0gP2_ 
1 


2C2pk 


log 

logP2j 


log P 2 


+ 2 C 2 SM. 


□ 


8.1. Quantitative stability of Lorenz-like maps. Here we apply the general 
results on uniform families of operators to a suitable family of bounded variation 
Lorenz-like maps. We consider maps as defined in Section [71 with some further 
assumptions. 

8.4. Definition. A map Fl : [0,1]^ — FL{x,y) = {Tl{x),GL{ x,y)), is 
said to be a BV Lorenz-like map if it satisfies 

(1) There are H >0 and a partition V' = {Ji := {bi-i,bi),i = I,-- - ,d} of/ 
such that for all xi,X 2 S Ji and for all y € I the following inequality holds 

(49) \GL{xi,y) - GL{x 2 ,y)\ < H ■ \xi - X 2 \] 

( 2 ) Fl satisfy property C ?1 (hence is uniformly contracting on each leaf 7 with 
rate of contraction a); 

(3) Tl :/—>■/ is a piecewise expanding map satisfying the assumptions given 
in the following definition 18.51 

The following definition characterizes a class of piecewise expanding maps of the 
interval with bounded variation derivative : I —> I which is a subclass of the 
ones considered in section 17.0.II 

8.5. Definition (Piecewise expanding functions with bounded variation inverse of 
the derivative). Suppose there exists a partition V = {Pi := (oi-i, ai),i = 1, • • • ,q} 
of I s.t. Tl : I —>• / satisfies the following conditions. For all i 
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1) = Trip, is of class and gi = , satisfies (P’l) of section [71 for 

Pii I 

p=l. 

2) Tp satisfies (P’2) of sectionjT] inf > Ai > 1 for some Uq G N. 

3) Tp satisfies T3.4; 


In particular we assume that Tp^ and gi admit a continuous extension to Pi = 
[ai-i,ai] for alH = 1, • • • ,q. 

8.6. Remark. The definition 18.51 allows infinite derivative for Tp at the extreme 
points of its regularity intervals. 


If Fp is a BV Lorenz-like map, then it satisfies GI, T3.4, P’l and P’2. Thus, we 
apply the results obtained in section [7] (for p=l) considering \ ■ |ip) as the 

basis space {S-, \ ■ |s), where |V'|i,i = varip('!/)) + |V’|ij (SVip, || • ||i,i) as the strong 
space where ||/i||i,i = |i/’|i,i + ||mI|i and finally (SV“i, || • ||^i) as the strong 
space (5°°, || • ||soo), where ||m||)”i = |'0|i,i + HmIIoo- Under these settings we have 
all results of section [71 

Let us define the Skorokhod distance between two piecewise expanding maps Ti 
and T 2 . Set 


CiTi,T2) 


e : BAi C / and 3a : I ^ I (a dif f eomorphism) s.t. ni(Ai) > 1 — e, 
TiUi = 12 o a\Ai and Vx G Ai, |cr(x) - x| < e, \-p^ - 1| < e 


and 


(50) ds(ri,T 2 ) =inf{e|eGC(Ti,T 2 )}. 

By [^, Lemma 11.2.1, it follows that: 

I Ptq - Pt^ < 14ds(Ti, T 2 ). 

Now we consider a uniform family of maps satisfying uniform Lasota-Yorke inequal¬ 
ities on the basis and other requirements. 


8.7. Definition. A family of maps is said to be a Uniform BV Lorenz- 

like family if Fs is a BV Lorenz-like map (see definition 18.4|) for all <5 G [0,1) and 
satisfies the following assumptions: 

(UBVl): there exist 0 < A < 1 and D > 0 s.t. for all / G FUi.i and for all S G [0,1) 
it holds I f\iA < FA"|/|i 4 + D\f\i for all n > 1, where is the 
Perron-Frobenius operators of T^j;. 

When S is small 


(UBV2): ds{TQ,Ts) < S (assumptions on Tg ) 

(UBV3): there is a set A 2 such that 171(^2) > 1 — ^ and for all x G A 2 ,y G I : 
Go{x,y) - Gsix,y)\ < S. 


For all (5 G [0,1), let no ='fio(< 5 ) G N and Ai((5) be suchthat Tg°'{x) > Ai((5) > 1 


for all X € Pi and for each * = 1, • • • , q, where Tg° := Ts'^°\p -. Also set gi^g 



and denote by > 0 the “Lipschitz” constant (see item (1) of definition 18.41) of 


Gg. 


(UBV4): Suppose that: 

(1) inU Ai(5) > 1; 
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(2) there exists Ca > 0 such that < Ca for all i = 1, • • • , q and all 

5 G [0,1); 

(3) sup5g[^i){no(^)} < ocJB 

(4) Hs < H 2 for all d G [0,1). 

8 .8. Remark. By (UBVl) there exist 0 < ai < 1 and D > 0 s.t. for all fj, G BVi,i 
and for all 5 it holds || FJ"< £)a"||/x||i i +D||/r||i, for all n > 1. Indeed, by 
Lemma Ih.ll we have 

iifiviim = ip?,<^jM + iiFr/iiii 


Now, we see that the transfer operators related to such uniform families of maps 
satisfy UF1,...UF4 and then allows us to apply Proposition 18.31 choosing 11-111 = 
II • ||m as a weak norm and || • ||i.i as the strong norm || • ||s. We remark that: 

(1) UFl easily follows by a uniform Lasota-Yorke inequality lremark l 8 . 8 l) : 

(2) UF3 depends only on the first element Lo of the family, and it is proved in 
Theorem [Tfo] (see also Proposition 15.811 for transfer operators associated to 
Lorenz-like maps; 

(3) UF4 depends on the weak norm, and an estimation is provided in Proposi¬ 
tion [YT] 

Some work is necessary for the property UF2. In the Proposition I8.I9| we see 
that this property is indeed satisfied. Before state that Proposition, we need some 
additional concepts and results. For this, we introduce a space of measures having 
bounded variation in some stronger sense, and prove that the invariant measure of 
a BV Lorenz-like map is in it. 

We have seen that a positive measure on the square, [0,1]^, can be disintegrated 
along the stable leaves in a way that we can see it as a family of positive measures 
on the interval, {^|.y}.yg^s. Since there is a one-to-one correspondence between 
and [0,1], this defines a path in the space of positive measures, [0,1] i— SB{I). 
It will be convenient to use a functional notation and denote such a path by F^j : 
I —> SB{I) defined almost everywhere by Fii( 7 ) = where ^ 3 .) is 

some disintegration for However, since such a disintegration is defined 
7 G [0,1], the path F^^ is not unique. For this reason we define more precisely F^^ 
as the class of almost everywhere equivalent paths corresponding to 

8.9. Definition. Consider a Borel measure/i and a disintegration a; = 
where is a family of probabilities on S defined 7 G / (where 

Ma: = (j)^ : I — > R is a non-negative marginal density, as before. Denote 

by F^ the class of equivalent paths associated to ^ 

r;a(7) = {r“}, 

where u! ranges on all the possible disintegrations of ^ on the stable foliation and 
rjj : / — > SB[I) is the path associated to a given disintegration: 

=M|7 = 7^7.!/</’rr ( 7 )^ 7 - 


®For instance, it holds if inf |T^ j(^)| > 1 ^ ^ [0; 1) ^-^id for all i = 1, ■ ■ ■ ,q. 
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In the following, when no ambiguity is possible we will consider informally 
itself as a path. Let us call the set on which F^ is defined by Ir^ ■ 

8.10. Definition. Let V = P(F“) be a finite sequence V = C /r“ and 

define the variation of F“ with respect to V as (denote := 

n 

Var(F-,P) = ^ ||F-(7,) - F-(7^_i)||w, 
t=i 

where we recall || • ||iv is the Wasserstein-like norm defined by equation ([S]). Finally 
we define the variation of F|;^ by taking the supremum over the sequences, as 

Var(F;() :=supVar(F^,iP). 

V 

8.11. Remark. For an interval 77 C /, we define 

Var^(F-) := Var(F-|^), 

where rj is the closure of rj. 

8.12. Remark. When no confusion can be done, to simplify the notation, we denote 

just by 

8.13. Definition. Define the variation of a positive measure fjL by 

Var(/i) = inf 


We remark that, 

llfilli = J ( 0 ,r“( 7 ))dm( 7 ), for any F“ G F^. 

8.14. Definition. From the definition 18.101 we define the set of bounded variation 
positive measures BV^ as 

(51) BV^ = {y € AB : y > 0, Var( 7 x) < 00 }. 

Now we are ready to state a lemma estimating the regularity of the iterates 
F*"('m-). Next result is a Lasota-Yorke-like inequality where the strong semi-norm 
is the variation Var(/i) defined in 18.131 This is our main tool to estimate the 
regularity of the invariant measure of a BV Lorenz-like map. The proof will be 
postponed to the appendix (see Proposition 19.131) . 

8.15. Proposition. Let FL{x,y) = (Ti(x), Gl(x, j/)) be a BV Lorenz-like map. 
Then, there are Cq, 0 < Aq < 1 and fc G N such that for all y G BV^ and all n > 1 
it holds (denote F := F^) 

(52) Var(F y) < GoAq Var( 7 t) + Co\(l)J\iy. 

A precise estimate for Cq can be found in equation (1691) . Remember, by Propo¬ 
sition [SjTUl a Lorenz-like map has an invariant measure /Tq G S°°. 

8.16. Proposition. Let FL{x,y) = {TL{x),GL{x,y)) be BV Lorenz-like map and 
suppose that F^ has an unique invariant probability measure yQ G BV(°i. Then 
yQ G BV~^ and 

Var(/ro) < 2Go. 
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Proof. Let F := where k comes from ProDOsition l8.15l Then /j,g G is the 

unique f-invariant probability measure in SV“i- Consider the Lebesgue measure 

m and the iterates F (m). By Theorem 17.71 these iterates converge to /Xq in 
It means that the sequence converges m-a.e. to G F^^^, where 

is a path given by the Rokhlin Disintegration Theorem and {F-^^ }„ is given by 

remark IT^ It implies that converges pointwise to F|;^^ on a full measure 

set / C /. Let us denote F^ = and Since {r^}„ converges 

pointwise to it holds Var(r“,P) —>• Var(r“^,7^) as n —>■ oo for all partition 
V. On the other hand Var(F!^,P) < Var(F*"(m)) < 2Co for all n > 1, where Cg 
comes from Proposition I8.15| Then < 2Cq for all partition V. Thus 

Var(r“^) < 2Co and hence Var(/XQ) < 2Cq. 

□ 

8.17. Remark. We remark that, Proposition l8.16l is an estimation of the regularity 
of the disintegration of /ig. Similar results are presented in |16j and m- 

The proof of the following proposition is postponed to the appendix (see Propo¬ 
sitioning. 

8.18. Proposition. Let {Fkji, Fs = (Ts,Gs) be a Uniform BV Lorenz-like family 
(definition ^8. Tp ) and let fs be the unique Fs-invariant probability in . Then, 
there exists Cq > 0 such that 

(53) Var(/5)<Co, 
for all S G [0,1). 

We are now ready to prove the following 

8.19. Proposition (to obtain UF2). Let Fs = {Ts,Gs), be a family of BV 

Lorenz-like maps which satisfy UBV2 and UBV3 of definition \8.7\ Denote by F^ 
their transfer operators and by fs their fixed points in . Suppose that fs has 

uniformly bounded variation, 

Var(/ 5 ) < M 2 , V(5. 

Then, there is a constant Gi such that for S small enough 

II(fS-f|)M|i<Ci5(M2 + i). 

Proof. Set A = Ax r\ A 2 , where Ai comes from de definition of C{Ti,T 2 ) (see 
equation (ISOll l and A 2 is from (UBV3) (see definition 18.71) . Let us estimate 

(54) 

II(FS-F|)M|i= yj|FS(W5)|.,-F|(W5)Wkdm(7)+^||FS(l^e/5)|^-F|(l^e/5)Wkdm(7). 

By the assumptions, for a.e. 7 , ||/5|7lk ^ (^^2 + 1) and ||lAk<5|li < (-^2 + 1)^- 
Since F* is a contraction for the weak norm, we have 

j\\m^A^h)\^-rs{lA^f5)\,\\wdmij) < 2{M2 + 1 )^. 
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Now, let US estimate the first summand of (|54)l by estimating the integral 

where /r = Ia/s- Denote by To.i) with 0 < i < g, the branches of Tq defined in 
the sets Pi G V and set Tg^i = Ts\p^nA■ These functions will play the role of the 
branches for Tg. Since in A, Tq = Tg o ag (where erg is the diffeomorphism in the 
definition of the Skorokhod distance), then Tg^i are invertible. Then 

(FoM-F*gM)i, = E -E -M.-a-e 


2=1 




2=1 




Let us now consider To(PinA), Tg(PinA) and remark that ro(Pin 2 l) = ag(Tg(Pin 
A)) where erg is a diffeomorphism near to the identity. Let us denote Bi = To(Pi fl 
A) n Tg{Pi n A) and Ci = To{Pi (7 A)ATg{Pi n A). Then, we have 


(55) 

where 


Oi = 


\\{F*ofi - F*gfi)U\\wdm{'y) < Oi +O2, 


2^ 171 / 2^ 


,=i inATg-^mi 


dm 


w 


and 


O 2 = 


A 171 / A 


^ |F^..(A/(7))I S |F,',(T^'(7))I 

And since there is ATi such that m{Ci) < K 16 , we get 


dm. 


w 


O 2 = 


^ ^0 ,To"1 (7 )^It(, :‘(7)XCi « 

A 171/ im-iGAM A 


^ lUAT-Jm ^ |F,F(T^^(7))I 

In order to estimate Oi, we note that 


dm < qKi{M2+l)6. 


w 


Oi = 


< 


+ 


A 171/ A 


|F^,.(A/(7))I 


2=1 


lAAT/W)! 


E' 

2=1 

q 

^ '"0 
h lAA/vwu 

^ 7 ( 7 ) dm{'-f) + J 77 ( 7 ) dm{'-f). 


-E 

i=l 

<? 

-E 



'(7))l 


lAA’ 

'(7))l 



IA(t,- 

'(7))l 


dm 


w 


dm 


w 


dm 


w 


.jGI. 
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The two summands will be treated separately. Let us denote (note 

that TAi i® 8- probability measure). 


7 ( 7 ) = 


E' 




-E' 


< 


,=i iF,(,.(ro:/(7))i 

^ \TL{T^Hl))\ ^ 


\TL{To-{l))\ 


2^ Irp, 2^ 


i=i \nATo:im\ 


7=1 




w 


w 


VK 


= Ia(7)+^b(j)- 


Since fs is a probability measure it holds, posing /3 = Tq /(y) 


Ia{7)dm = 


< 


^ E 


i=l 

<? 


' ^ 0 ,Tg-l(j)d'lTg l(-r)XBi 


t |F,;,(ro7/(7))l 

\nAT,-j{ 7 ))\ 


( 7 ) ^ '^ 0^1 (A 



\TUT^,lm\ 

inATojm 

w 

^O.T") ( 7 ) ^ T-] {'r)XBi 



\nAT-J{ 7 ))\ 

in/To-im 

w 


dm{7) 


w 

dm 

dm 


< 


E ^ I - FyT-(To,.(/3))/^l/3 W^dmiP). 


We remark C P, n A and TiJ{To,^{To l{B,))) CP,nA. Since |Ty,(/3) - 

Fo,i(/3)| < S and is a contraction, then |Tp“^ o Ts^i{j3) — /3| < <5. Therefore 


\w 


Fo.^/^I/3 — ^ < \\Fo,| 3^J'\p — Fs,|3^^\|3 

+ Fs^p^i\p — 

By the assumption (3), 

||Fo,/ 3A*|/3 - F5_^/r|/3||^ < S{M2 + 1). 

By the assumption (5) 

Flp^^b - KTiliTo.mML - 


W 


Thus, 


4 ( 7 ) < (77 + 1)(5(M2 + 1). 
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To estimate /&( 7 ), we have 
hil) = 


2 ^ Irp, 2 ^ 


^ E 


(7))i 

® Xb, ( 7 ) Xb, ( 7 ) 


VK 


2=1 


\TUTo-im \TLiTs-lm 




w 


and 


J h{"f) dm{-f) < \{Pto - Pts )(1)I iM 2 + 1). 

By [28], Lemma 11.2.1, we get 

[ Ib{j) dmij) < |(/>2,|oo|(-Pto - -Prjlli < 14(M2 + 1)(5. 

JAi 

Now, let us estimate the integral of the second summand 

2_^ Irp, 2-^ 


7/(7) = 


.=1 \T's,iT^2^l))\ U in.W( 7 ))l 

Let us make the change of variable 7 = Ts^i{f3). 


w 


7 /( 7 ) dm{'^) = 


irp, 


^ E 


S \n4Ts--m\ tt \TUTs~Ax))\ 

1 


dm('y) 


w 


1 


Ez( 7 ) IL 

dm{j) 




w 


■ Se in.(7^z'(7))i 

9 r 

- Ey , ^lToZ('r.,d/3)) “ ^1/5 

Since |T5^i(/3)—To^i(/3)| <(5andTQ"/ is a contraction, we have |TQ"/oT5_j(/3)—/3| < 6 . 


Hence, 


and then 


/ 77 ( 7 ) dm(7) < / sup (ll/rU - M|y|k)dm(/3) 

*7/ J x,yGB{ 0 , 6 ) 


J 77 ( 7 ) dm{"f) < 2 S{M 2 + 1 ). 

Summing all, the statement is proved. 


□ 


Once this is done, we have all the ingredients to apply Pronosition lS.dl and obtain 
the quantitative estimation. 

8.20. Theorem (Quantitative stability for deterministic perturbations). Let {7^5}ie[o,i) 
be a uniform BV Lorenz-like family satisfying UBVl, UBV2, UBV3 and UBV4- 
Denote by fs the fixed point o/F| in for all 6. Then 

\\fs-fo\\i = 0{S\ogS). 
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9. Appendix 1: Proof of Proposition 18.151 


In this section, we obtain Proposition 18.151 as a particular case of Theorem 19.21 
Note that, for all ^ G it holds ||/r||i = and ||^||oo = l^xloo, where 

(j>^ = —We also remark, for each ^ G BV^ we have </>„ G BVi i. 
dm 

For a measurable map F : [0,1]^ —>■ [0,1]^, of the type F{x, y) = {T{x), G{x, y)), 
we denote by F^ : [ 0 , 1 ] —>■ [ 0 , 1 ], the function defined by 


(56) oF|^ oTT^^i, 

where ir^^y is the restriction on 7 of the projection Tr{x, y) = y. 

9.1. Definition. Consider a function / : [0, 1]^ — > R and let < • • • < a;„ and 
2/1 < ■ ■ ■ < 2/n be such that (a;i)?=i C I and ( 2 /i)"=i C I. We define var*(/, (a;j)(Li, (i/OLi) 

by 

n 

(a;i)r=i,(2/*)r=i) := XI “ f{xi,yi)\, 

and 


(57) var^(/) := sup var^(/, (a;,)r=o (2/0r=i)- 

Gi)7=iXyi)?=i 

If 7 C / is an interval, we define var*(/) = var*(/|jjx 7 )! where 77 is the closure of 77 . 

Since preliminaries results are necessary, we postponed the proof of the next 
theorem to the end of the section. 

9.2. Theorem. Let F(x,y) = (T{x),G{x,y)) be a measurable transformation such 
that 

( 1 ) var*(G) < 00 

(2) F satisfy property G1 (hence is uniformly contracting on each leaf 7 with 
rate of contraction a); 

(3) T : [0,1] —> [0,1] is a piecewise expanding map satisfying the assumptions 
given in the definition \8.5[ 

Then, there are Gq, 0 < Aq < 1 and k G N such that for all y G BV~^ and all n > 1 
it holds (denote F := F'^) 

~-*n 

(58) Var(F /i) < GoA(( Var( 77 ) + Go|4|i,i. 


9.3. Remark. If Fl is a BV Lorenz-like map 1 definition 18.411 . a straightforward 
computation yields 

var^(GL) < H, 


where H comes from equation (H51) . This shows that Proposition 18.15| is a direct 
consequence of Theorem 19.21 
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9.1. Lasota-Yorke Inequality for positive measures. Henceforth, we fix a 
positive measure ^ £ BV^ C AB and a path which represents ^ (i.e. a pair 
r“( 7 ) = ^l-y). To simplify, we will denote the path G T^, just 

by r^- 

9.4. Remark. Consider T : [0,1] —>■ [1,0] a piecewise expanding map from 
definition 18.51 and gi = For all n > 1, let be the partition of / s.t. 

p(")(x) = V^^\v) if and only \i V^^\tA,x)) = V^^\T^{y)) for all j = 0 , • • • ,n, 
where = V (see definition l8.5l) . Given P G pA\ define Item 2) 

implies that there exists Ci > 0 and 0 < 0 < 1 s.t. 

(59) sup{( 7 ^^} < Ci^”, for all P G and all n > 1. 

Moreover, equation (l59ll and some basic properties of real valued BV functions 
imply (see [27], page 41, equation (3.1)) there exists A 2 G (0,1) and C 2 > 0 such 
that 


Ya,T{g^p^) < €2X2^ foi' P S all n > 1 . 

Henceforth, instead of F we consider an iterate of it, F := F^, such that satisfies 


(60) var^p^ -|- Ssupgp^ < ,5 < 1, for some 0 < ,5 < 1 VP G 
Doing so, we remark that G" := Hy o P" also satisfies 

(61) var*(G") < 00 , Vn. 

Next lemma provides equation (|61|) and its proof can be found in [2]. 

9.5. Lemma. If F satisfy definition \8.4\ o-nd p> 1, then there are G, iV G M such 

thatE 

k(/ o P")|px + var"(/ o P") < GiF"(l 7 r(/)li, 1 + \f\up, + var"(/)), 

P P 

for each n>l. 

Recalling equation (1551) . set 

(62) rp-(7):=F;r^(7). 

With the above notation and following the strategy of the proof of Lemma 14.11 we 
have that the path Fp. defined on a full measure set by 

9 I 

(63) rp.^( 7 ) =J2{9i- ^up) ° ^l/(7) • XTL(p,)h), where gi = —, 

i=l 

represents the measure F* y. 

By Lemma 15.21 and equation (l56)) it holds 

l|F;r^(7)llw^<lirp(7)ii„., 
for m-a.e. 7 G /. Then we have the following 


l° 7 r(/)(x) 


= f f(^,y)dm{y) 

\9(x,y2)-9(^,yi)\ 


and |/|pp/ 


I/loo + Lipyig), where Lipy(g) = 


y2-yi 
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9.6. Lemma. Let and 72 be two leaves such that 7 i, 72 G Pi for some z = 1, • • • ,q 

(see definition Then for every path where p, € AB, it holds 


(64) 

II r^( 7 j-F*^r^( 72 )||vF < l|r;x( 7 i)-r^( 72 )llw + |G( 7 i, 2 /o)-G( 72 ,yo)l|<)>xloo, 
for some yo € I. 

Proof. Consider g such that |( 7 |oo < 1 and Lip{g) < 1 , and observe that since 
: I —I is continuous, it holds 

sup|G(7i,2/) - G(72,2/)| = |G(7i,yo) - G(72,2/o)|, 

1 

for some yo G I. Moreover, by equation (|5.2p we have 




5t^F^p(72) = 

< 


< 


* 

1 

[ gdp;^ r^(72) 

* 

1 

[ gdp;^ r^(72) 

1 gdF;j^{j2)- ^ 

f gdp;^ r^(72) 


w 


+ 

< 

+ 

< 


Taking the supremum over g such 
proof. 


J J - 5(FlyJ d/i|72 
l|F;.(7i)-r472)IU 

J \G{Ti,y) - G{l2,y)\dl^\i2iv) 

sup|G( 7 i,j/)-G( 72 , 2 /)| j 

I|Fm(7i) - r;.(72)llvv + |G(7i,yo) - G(72,2 /o)| |<)>^ 

that |(;|oo < 1 and L{g) < 1, we finish the 

□ 


The proofs of the next two lemmas are straightforward and analogous to the one 
dimensional BV functions. So, we omit them (details can be found in [23)1. 

9.7. Lemma. Given paths and T^^ (where F^.( 7 ) = representing 

the positive measures pQ,pi,p 2 ^ BV~^ respectively, a function g) : I —>■ R, an 
homeomorphism h ■. g G I — > h(q) C I and a subinterval g G I, then the following 
properties hold 

PI) IfV is a partition of I by intervals g, then 

Var(r^J = ^Var^(r^J; 

77 

P2) Varij-(r^^ TF^^) < Varij-(r^^) + Var^(r^ 2 ) 

P3) Var^((^-r^J < (sup^|(^|) • (Var^(r^J) + (sup^g_ ||r^j,( 7 )||w) • var^(</j) 
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P 4 ) Var^(r^„ oh)= Var^(r^J. 

9 . 8 . Remark. For every path F^, jj, G AB and an interval r; C /, it holds 

sup ||r^( 7 )||w < Var^(r^)H-^ f ||r^(7)||wdm(7), 

lerj rn{rj) Jjj 

where rj is the closure of 77. 

9 . 9 . Lemma. For all F^, where fa G BV'^, and all P GV it holds 

Varp(F^g,) < Var;p(r^) + var|j(G)|(/)^|oo- 

Proof. Consider (7j)"=i C P such that 7i < ■ ■ ■ < 7„. By Lemma l 9 ^ for every i 
there is yi such that 


X! G(7i+i) - F 7 , G( 7 J||m/ < ||rp( 7 i+i) - rp(7j||w + Y IG7i+i,2/i) - G(7i,2/i)ll4l 

2=1 2=1 2=1 

n 

< Y llG( 7 i+i) - G( 7 »)lk + l</>a:|oo var^(G). 

2=1 


Then, 


X] II G(7i+i) - F*, r^( 7 j||vy < Var;p(rp) + |(/>^|oo var|^(G). 

i=l 


We finish the proof taking the supremum over (7^)". 


□ 


9.10. Lemma. For all path F^, where y G BV~^, it holds 


Var(rp.^) < Y 


vaiprigi) 


2s^gi 

Pi 


sup ||F^(7 )||w +s^pgj • Var^(rp^), 
j£Pi Pi 


where F^j, is defined by equation i6A) . 





34 


STEFANO GALATOLO AND RAFAEL LUCENA 


Proof. Using the properties P2, P3, sup ||P/ij,(7)||iE < sup ||r^( 7 )||vy and sup \gi 

7 GK 7 eK 7 GK 

we have 


Var(rp.^) < £varj^ (5,-r^.)or. 

Q 

- ■ r^p) o T-^] ■ sup |xt(p,)I 


< 


2=1 

Q 


+ sup II (g^ ■ P^j,) oT^ ^llvE • var(xT(Pi)) 

i=l Ti{Pi) 

Q 

< y]Var;f^(g,+2- sup || (ff* • P^^p) o 




2=1 

q 


Ti{Pi) 


'^vdi-^igt) •s^p||r^j,||vF + Varp-(r^^) -s^plgi] 

i=i Pi Pi 

q 

+ 2-y]s^p|gi|s^p||r^.||vF 


i=i Pi 


< y]var;jr(5i) ■ sup_||r^( 7 )||vi/+ Var-pr(r^.j,) • s^ | 5 i| 


2=1 


l^Pi 


2-y^ sup ||r^(7)||vi/ -s^plffil 

i=i i^Pi Pi 


^ E 


var;f^( 5 i) + 2s^p5i 
Pi 


■ sup_||r^( 7 )||vE + s^ 5 i-Var^(r^j.). 
7ePi Pi 


□ 


9.11. Lemma. For all path P^, where p € BV~^, it holds 

Var(rp.^) < /3 Var(r^) + KMip. 

Where 0 < /3 < 1 comes from equation i6(A) of remark fUff] and 

rr r 1 , rvar;f^( 5 ,) + 2 supj 75 , 

il 3 = max {sup^Jvar (G) + max < -——- 

2 =1,•••,<7 p- 2=1,•••,(7 TTlyri) 


Proof. By lemma [97^ remark [97M lemma 19.101 PI, equation (iBOll of remark l974l and 
by varp G = var*(G), we get 


sup 5 i, 

jePi 
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Var(rp.^) < 

q 

E 


< 


i=l 

9 


var-p-(pj) + 2 sup 5 i 


var-p-(5j) + 2sup5i 


Slip ||/i|^||iv + • Var;j^(r^g) 


i^Pi 


(Var^(r^)+ ]— / \\n\^\\wdm{-^) 

V m[Pi) Jp- 


(var 7 ^(G) + var|^(G)|(^^|oo) 


i=i P, 
q 


^ E 


2=1 

q 

E 

2=1 


var-p-(5j) + Ssupgi 


Pi 


var-p-(5j) + 2sup5i 


Pi 


Var^(r^) 

1 r 


m) 




+ |()!)3.|oo . max {sup5i} var*(G) 


i=l ,',9 pT 


^ E 


2=1 


varp-( 5 *) + 3sup5i 


Pi 


Varpr(r^) 


var;p(5i)+2supj^5, 

+ max {--=-- 

*=i.',g 'rn(Fi) 

+ l<?^x|oo , max {supgj var*(G) 


2 = 1 ,••• ,g 


Pi 


< /3Var(r^)+i^3l4|oo 

< ^Var(r^)+X3l<^Ji,i. 

Taking the infimum over all paths G T^ we arrive at the following 
9.12. Proposition. For every fi € BV~^, it holds 


□ 


Var(F» < /3 Var(/r) + Kslcjijpi. 


We a ready to prove Theroem 19.21 
Proof, (of Theorem 19.2p Inequality (IdTI) gives us 

(65) |P?/|i.i <i?3/32l/li.i+t^2|/|i, Vn, V/GWi.i, 
for i? 3 ,G 2 > 0 and 0 < /32 < 1- Then, since |/|i < |/|i,i, it holds 

( 66 ) |P?/|i.i <i^ 2 |/|i.i, Vn, V/GWi.i, 

where 


( 67 ) 


K2 — i?3 + G 2 . 
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In particular, inequality (IM)l holds if we replace / by (fix 

BV+. 


dm 


for each /r € 


By inequality (l66l) . Theorem 19.121 and a straightforward induction we have 


(68) Var(F*"/r) <^"Var(^) + if3max{/f2 ,l}X!/3*l4 |i.i, Vn > 0 . 

We finish the proof by setting Aq := /? and 


2=0 


(69) 


f K3ma.x{K2,l}\ 

Co := max 11,-^1 . 


□ 


By remark [9.31 we immediately get 

9.13. Proposition. Let FL{x,y) = {TL{x),GL{x,y)) be a BV Lorenz-like map and 
consider pL G BV^ . Then, there are Cq, 0 < Aq < 1 and fc G N such that for all 
pL G BV^ and all n> 1 it holds (denote F := F^) 

~-*n _ 

(70) Var(F /r) < CqAq Var(p.) + Col^^^lip. 


9.14. Proposition. Let {FAja, Fg = {Ts,Gs) be a Uniform BV Lorenz-like family 
(definition {8. 7 | ) ) and let fs be the unique Fg-invariant probability in BV(°i. Then, 
there exists Cq > 0 such that 

(71) Var(/5)<Co, 
for all S G [0,1). 

Proof. 

9.15. Lemma. Let {' 75 }, 5 g[o^i) be a family of piecewise expanding maps satisfying 
definition \8.5l item (1), item (2) and item (3) of UBV4 (see definition \8.7\ l. Then, 
there is k (which does not depends on S) such that 

(72) varg'^'^] + 2supg[^^^ < /3 < 1, VP* G V. 

Proof, (of the Lemma) 

Set ko = inf 5 g[o.i) ^ 0 ( 15)1 Po = iiif 5 G[o.i){Ai(d)} (where Ai(i5) comes from item 
(1) of UBV4) and suppose that n > no{S) (see item (3) of UBV4) for all 6 G [0,1). 
Also set n = qno + vq (remember no depends on S), Tg := Tg° and y = Tf°{x). 

For all n > 1, let be the partition of L s.t. 'P^^\x) = V^'^Hy) if and only if 
7 ?(i)(j'l (x)) = (r| (y)) for all j = 0, • • • , n, where = V. 

Given x £ Pi G = {Pi, • • • , Pq} we have 

|Pr(x)| = |(5A')'(y)| 


Then, 
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(") ! \ 

(a;) 


< 


< 



9 



Then, there are C 5 > 0 and 0 < A 4 < 1 (both do not depend on (5 or i) such that 


(73) < CsA”, 

where C 5 := /3q and A 4 := ( — 

VPo 

Now, set Ce := inax{C' 4 , Cs} (see UBV4). By UBV4 we have vargs^i < Cq for 
all i and all <5 G [0,1). Thus, for all n > 1 it holds (see [27], page 41, equation (3.1)) 



(74) var(ci^"^) < MS G [0,1) and Vi = 1, • • • g, 


where A 5 G (A 4 ,l) and Cy := sup„>]^ 



And the lemma is proved. 

□ 


Now, applying Proposition 18. 161 to each Fg we get Var(/ 5 ) < 2Co^s, where (see 
equation (l69l) and equation (|67|)) 


(75) 


Co ,5 = max<^ 1, 


A:3,5 max{A:2,5,1} 

1-Ai((5) 


(76) s = niax{supgi, 5 } var*(G 5 ) + max 

i i 

and K 2.5 = 2D by (UBVl) of definition l8.7l By Lemma [5.15l we get sup^ -- ’ < 

1 — Ai(o) 

00 . Therefore, we finish the proof of Proposition 19.141 bv setting Co = 2 sup ,5 Co, 5 . 

b 


var^(gi,5) + 2 supprgi^s 
TO (Pi) 
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